We consider here generalized fractional versions of the differencedifferential equation governing the classical nonlinear birth process. Orsingher and Polito (Bernoulli 16(3):858-881, 2010) defined a fractional birth process by replacing, in its governing equation, the first order time derivative with the Caputo fractional derivative of order υ ∈ (0, 1]. We study here a further generalization, obtained by adding in the equation some extra terms; as we shall see, this makes the expression of its solution much more complicated. Moreover we consider also the case υ ∈ (1, +∞), as well as υ ∈ (0, 1], using correspondingly two different definitions of fractional derivative: we apply the fractional Caputo derivative and the rightsided fractional Riemann-Liouville derivative on R + , for υ ∈ (0, 1] and υ ∈ (1, +∞), respectively. For the two cases, we obtain the exact solutions and prove that they coincide with the distribution of some subordinated stochastic processes, whose random time argument is represented by a stable subordinator (for υ ∈ (1, +∞)) or its inverse (for υ ∈ (0, 1]).
We consider here the following Cauchy problem
for t ≥ 0, υ > 0, with initial conditions
where λ j ∈ R, j = 1, 2, . . .. We will obtain exact solutions to Eqs. 1 and 2 in both cases υ ∈ (0, 1] and υ ∈ (1, +∞); in the first case they will be expressed in terms of finite sums of the MittagLeffler functions and in the second case as finite sums of exponentials.
While the first equation in Eq. 1 is the so-called fractional relaxation equation 
(where
dt υ denotes the Caputo fractional derivative) and define the corresponding process "fractional birth process". Equation 3 is formally connected to Eq. 1, even though it cannot be obtained as a particular case, since, by assumption, it is λ j = λ i , for j = i, in Eq. 1. The extra terms in the second equation of Eq. 1 makes the expression of its solution much more complicated.
We will analyze the problem (1)-(2) for any value of υ: we need to distinguish the two cases υ ∈ (0, 1] and υ ∈ (1, +∞), because we use correspondingly two different definitions of fractional derivative (see, for example, Kilbas et al. 2006 ):
1. For υ ∈ (0, 1], we apply the fractional Caputo derivative of order υ, which is defined as follows:
2. For υ ∈ (1, +∞), we use the right-sided fractional Riemann-Liouville derivative on R + of order υ, which is defined as follows:
where m = υ .
